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L. A Supplement to a former Paper * 
concerning Difficulties in the Newtonian 
Theory of Light: by the Rev . S. Horfley, 
LL.B.F.R.S.' 


Problem I. 

Read Dec. 19, A p A RC EL of equal Circles being dij - 

*77>* Ji p 0 j e( i u p on a pi ane Jurface , of any 
fgure whatfoever, in the clofef arrangement pc/Jihle, 
to determine the ultimate proportion of the [pace covered 
by all the Circles , to the J'pace occupied by all their 
Interfices y when each circle is infinitely Jmall , and 
the Jpace, over which they are difpcfed, is of a finite 
magnitude. 

The clofeft manner, in which a parcel of equal 
circles can be difpofed upon a plane, is when the 
centers of every three contiguous circles are fituated 
at the angles of an equilateral triangle, which hath 
each of its fides equal to a diameter of any one 
of - the circles. 

A number of circles, thus difpofed-, may be di¬ 
vided, as Tab. XVII. fliews, into feveral rows 
of circles, having their centers ranged upon parallel 
right lines, A G, H P, QX* T £cc„ Every 

4 A 2 circle. 
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circle, which is not in an outermoft row, or at the 
extremity of any other row, touches fix others, 
namely two in its own row, and two in the row on 
either fide of its own: and each adjacent pair of 
thefe fix do alfo touch each other. In the outer 
rows, every circle, which is not at one extremity of 
its row, touches four others, two in its own row, 
and two in the row next befide it; which laft two 
do likewife touch each other. A circle at either 
extremity of an outer row, touches only a fingle 
circle in its own row, but either one or two in the 
row next befide it. The bare infpe&ion of the figure 
(Tab. XVII.) will make thefe aflertions manifefi. 

New, imagine the equal circles, exhibited in the 
figure, to be each, infinitely finall, the number of 
them being infinitely great, and the whole fpace 
over which they are difpofed being of a finite magni¬ 
tude. The ultimate proportion of the fpace covered 
by all the Circles, to the Ipace occupied by all their 
Interftices, is that of § the area of one of the circles 
to the whole of one interftitial area, i. e. the pro¬ 
portion of 39 to 4 very nearly. 

Demonstration- 

The circles ranged along the parallel right lines 
AB, HP, form two rows of interftices} the row 
marked a, b, c, d, &c. and the row marked a, / 3 , y, & 
&c. and, in like manner, two rows of interftices are 
lbi'med by every two contiguous rows of circles. 

Now, the numbers of the circles ranged along the 
feveral parallel right lines, AG, HP, QX, &c. are 
either equal or unequal, according to the figure of 
the Ipace over which they are difpofed, 
k 


Cafe I, 
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Cafe i. Firft fuppole, that an equal number of 
circles is ranged along each of the parallel lines; in 
which cafe, the figure, in which they are included, 
muft be a parallelogram. The number of circles,rang- 
ed along the parallel right lines AG, H P, being equal, 
the number of interfaces »n each of the rows, a , b , 
c, d, &c. a, ( 3 , y, $, &c. is lefs by unity than the 
number of circles upon either line, AG, or HP, be 
that number what it will. Thus the two circles A, B, 
upon the line AG, with the two circles H, K, upon 
the line HP, have the fingle interface a, in the row 
a, b, c, d, &c. and the fingle interface «, in the 
row a, jQ, y, &c. Again, the three circles 
A, B, C, upon the line AG, with the three, H, K, L, 
upon the line H P, have the two interfaces a, 3 , in 
the row a y b, c, d. See. and the two a, ( 2 , in the 
row u, jQ, y, &c. And univcrfally, if the num¬ 
ber of circles in each row be m , the number of in¬ 
terlaces, in each of -the two rows of interftices, will 
be m — i, Confequently, the whole number of 
interfaces formed by thefe two rows of circles is 
2 tn — — 2. In like manner, the two rows of circles 
HP, QX, form two more rows of interftices. And 
the number of circles upon each line, H P, QX, 
being m, the number of interftices in each row is 
m— r, and the whole number in both rows 2 m— 2, 
Therefore, the whole number of interftices formed by 
the three rows of circles, AG, HP, QX, is 2 tn *— 2 

twice taken, or 2 m— 2 x 2. By the lame realbning 
if a fourth row of m circles, r 2 be added, the num¬ 
ber of interfaces formed by the four rows is 

%m—2 X 3. And univerlally, if there be n rows 

at 
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of equal circles, and tn circles in each row, the 
number of interfaces formed by all the rows is 

2 m — 2 x n —* i. Now, when the circles are in¬ 
finitely final), their diameters are infinitely final 1. 
Therefore, the fpace which ther cover being of finite 
magnitude, it is necedary, that both the number of 
circles in each row, and the number of rows, that 
is, that each of the numbers, m and n , fhould be 
infinitely great. But when m and n are each in¬ 
finitely great, 2 m — 2 x n — i, that is, the num¬ 
ber of interdices, becomes ultimately zmn\ and the 
interdices being all equal one to another, if the area 
of one be called P, the fum of their areas will be 
2 mn x P. But the number of circles in n rows, 
each row confiding of m circles, is tn n; and the 
circles being equal, if the area of one be called A, 
the fum of their areas will be mn% A. Hence the 
fpace covered by all the circles is to the fpace covered 
by all their interflices, when the magnitude of each 
circle is infinitely diminifhed, and the number or 
them fo infinitely augmented, as that they fhaH 
cover a fpace of finite magnitude, ultimately, as 
mnx A to 2 w»xP, that is, as A to 2P, or as 
| A to P, that is, as \ the area of one circle to the 
whole area of one interflice. 

Cafe 2. Now, fuppofe, that unequal numbers of 
circles are ranged along the feveral lines AG, HP, 
QX, &c. which mull always be the cafe, if the 
figure of the fpace, in which they are contained, be 
any other than a parallelogram j and let the number 
upon AG be the greated of all, and call that num¬ 
ber, as before, m. If from the row H P, the ex¬ 
treme 
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tieme circle P be taken away, all the reft being left, 
the interftice £ will be taken away, and all the other 
interftices, formed by m circles upon HP, with m 
circles upon AG, will remain. If again the circle O 
be taken away, befides the interftice £* already taken 
away, the two t, f will difappear; and every circle 
more that is taken away, of thofe remaining 
upon HP, from the extremity of the line, two more 
interftices will difappear. If from the row of circles 
HP, the extreme.circle H be taken away, the two 
interftices a , «, will difappea r . And if the circles 
K., L, JVl, be taken away fucceftively, every new 
circle that is taken away, two more interftices will 
difappear, of thofe formed by the two rows AG, HP. 
Again, if the two circles £ and H be taken away, 
the three interftices £ a, a, will difappear; and 
every circle more that is taken away, from either 
extremity, two more interftices will difappear. Hence 
whatever number of circles be taken away out of 
m circles upon HP, provided they be taken fuccef- 
fively, from either or both ends of the row (and when 
the number of circles upon HP is fuppofed lefs than 
that upon AG, the deficiency mu ft be at the end, 
not in the middle of the row, other wife the circles 
remaining would not be in the cloieft arrangement), 
it is evident that the number of interftices which dif¬ 
appear, of thofe which would be formed by m circles 
upon HP, with m circles upon AG, muft be either 
double the number of circles taken away, or lefs 
than the double of that number by i. That is, if 
m — a be the number of circles left upon HP, the 
number of interftices formed by them, with m circles 
upon AG, is lefs than the number which would be 
2 formed 
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forrried by m circles upon H P, with m circles upon 
AG, either by 2 a, or by 2 a — 1. The number 
of interfaces formed by m circles upon each row 
would be, as hath been faewn in the preceding cafe, 

2 m — 2. Therefore, the number formed by m circles 
upon A G, with m — a circles upon HP, is either 
2 m —- 2 —- 2 a, or 2 m -— 2 a—~i. That is, ulti¬ 
mately (when the number m — a is infinitely in- 
creafed) 2 tn — 2 a. Now, fuppofe the number of 
circles upon QX to be m — a — b. The number of 
circles upon the two rows AG, HP, is 2 m — a. 
Upon the three rows AG, HP, QX, the number is 

3 m —- 2 a — b. And if the number of circles upon 
r 2 be m — a —b — c, the number of circles upon 
the four rows A G, H P, QX, r 2, will be 

4 m — 3 a — -.2 b — c » And, univerfally, the num¬ 
ber of rows being ;z, and the number of circles upon 
the feveral rows, m , m—a^ m — a—b, m — a — b—c, 

. a —■ b c — d, &c. fucceflively, the whole 
number upon all the n rows will be 

mn — ay.n — 1 — by.n —-2 — 3, &c. 

But, as it hath been fhewn that m circles upon AG, 
with tn — a circles upon HP, form 2 m —2 a in¬ 
terfaces, if the number m — a be infinite, in the 
fame manner it may be fhewn, that m — a circles 
upon H P, with m — a — b circles upon QJX, 
form 2 m — 2 a — 2 b interfaces, when the number 
tn a — b is infinite. Therefore, the whole num¬ 
ber of interfaces formed by the three rows upon 

AG, HP, QX, is 2 Tn — 2 a x 2 — zb. And, in 
like manner, the number of interfaces, formed by 
the circles of four rows, will be 

zm — 2 a x 3 — ~ 2 b x 2— 2 c. And, univerfally, 

n being 
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ti being the number of rows, the number of the in- 
terftices will be 

zm — 2axn —i—-2 bxn —2—2 cy.it —3, &c. That 

is, 2wx«—1—2 axn —1—2 bxn —2—2fx»—3, 
&c. By comparing this expreflion with the former 
expreflion of the number of the circles, it will ap¬ 
pear, that when n , the number of the rows of circles, 
is infinitely augmented, the number of interftices is 
to the number of circles, ultimately, as 2 to 1. For 
the two expreflions always confift of an equal num¬ 
bers of terms. The fame numerical terms in both 
are affedted with the fame figns. The firft term of 

the latter (2nx«— 1) is ultimately double the firft 
term of the former (mn), when n is infinitely in- 
creafed, and each fucceeding term of the latter is 
double the correfponding term of the former. There¬ 
fore, the whole of the latter expreflion is ultimately 
to the whole of the former, as 2 to 1. That is, the 
number of interftices is ultimately double the num¬ 
ber of circles: whence it follows, as in the former 
cafe, that the whole fpace covered by the circles is 
to the whole fpace occupied by the interftices, as 
| the area of one circle to the whole area of one in- 
terftice. 

In this Demonftration I have fuppofed the num¬ 
ber of circles upon the feveral lines AG, HP, QX, 
&c. to decreafe continually. Had I fuppofed them to 
decreafe by fits, and in any manner imaginable, ftill 
the conclufion would have been the fame (a). There- 

(a) Suppofe the number of circles upon the ift row to be m % 
upon the ad, m~~a 9 upon the 3d, wj — a+b> upon the 4th, 
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fore, let the figure of the finite fpace, including the 
circles thus clafely arranged, with their interfaces, 
be what it will, the proportion of the fpace covered 
by all the circles, to the fpace taken up in interftice, 
is ultimately that of | the area of one circle to 
the whole area of one interftice. 

Now, that this is the proportion of 39, to 4, very 
nearly, will appear by computing one of the interfti- 
tial areas. 

The method of computing the interftitial area is 
obvious.. Let A, B, H be the centers of the three 
circles, which clofe the interftice Y4>¥. Join AB, 
AH, BH. The right lines AB, AH, BH, pafs 
through tire points of contact T, <fr, T, refpeftively. 

and each of thefe numbers to be infinitely increafed. Then, n 
being the number o/ rows, the whole number of circles will be 

nm — a X n — i + b X n — 2 — c X n — 34 d X n — 4, &c. 
Number the interftices formed by every two contiguous rows, 
and add them all together, and the whole number of interftices 
will be found to be 

I—2 aXn —1-f. 2 bxn- 3 —zc Xn — %+2dxn— 5, &c. 
Now, by comparing thefe two expreflions, it appears, that 
both confift of the fame number of terms : That the fame 
numerical terms in order from the firft, have the fame figns: 

That the firft term of the latter (2 m x n —1) is ultimately 
the double of the firft term of the former, when n is infinitely 
increafed : That of the terms following the firft, the negative 
terms of the latter are each double the correfponding negative 
terms of the former: and each pofitive term of the latter differs 
from the double of the correfponding pofitive term of the former, 
by a number which vanifhes with refpe£l to either of thofe cor¬ 
refponding terms, when n becomes infinite. Therefore, when 
n becomes infinite, the whole of the latter expreflion becomes 
the double of the whole of the former.. Hence the conclufion 
is as before* 


The 
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The area of the triangle, AHB, is equal to the 
areas of the three feftors AT4», EOT, II? Y, added 
to the interftitial area TO?. But the triangle AIIB 
is equilateral. Therefore each of the fedlors ATO, 
BO?, H?T is -J. of the circle to which it belongs: 
and, the circles being equal, the three fcftors are equal 
to the half of any one of the circles. Therefore, the 
area of the triangle AHB is equal to f the area 
of one circle (as of A) added to the interftitial area 
TO?. Therefore, from the area of the triangle 
AHB take 4 the area of the circle A, and there 
will remain the interftitial area Y $ T. 

Now, if the radius AO be put — i, each fide of 
the triangle AHB will be 2. 

Therefore, the area of the triangle AHB 1 _ 

will be.J I >/ 3 20 S 

But the radius being i, 4 the area of the\_ e 

circle A is./ I, 57 ° 

The difference is o, 1612 

And this is the interftitial area YO?, the half area 

of the circle A being 1,5708. Therefore, the femi- 
circle is to the interftice as 1,5708 to 0,1612, or as 
9,74 to i, or as 39 to 4, very nearly. 

Corollary, 

If a parcel of equal circles be fo difpofed upon a 
plane furface of any figure whatfoever, that the centers 
of every three adjacent circles are fituated at the angles 
of equal equilateral triangles, having fides greater than 
the diameters of the circles, but greater in a finite 
proportion, the ultimate proportion of the fpace 

4 B 2 covered 





[ 55 & ] 

covered by all the circles to the fpace occupied by ai! 
the interftices, when each circle is infinitely dimi- 
nilhed, and the number of them fo infinitely in- 
creafed, that the fpace over which they fpread is of a 
finite magnitude, is that of \ the area of one circle 
to the whole area of one interftice. And the area 
of any one interftice is equal to the difference of the 
area of the equilateral triangle, formed by the right 
lines joining three adjacent centers, and | the area of 
one of the circles. 

Problem II. 

To determine the great eft poftible denftty of an in¬ 
finitely thin cruft compojed of equal fpberules , having 
their centers all in the fame plane. 

From the number 39 fubtradt its third part. To 
the number 4 add the third part of 39. The re¬ 
mainder is to the fum, that is, 26 is to 17, very 
nearly, as the fpace occupied by all the matter to 
the fpace occupied by all the pore, in an infinitely 
thin cruft, of the greateft pofiible denfity, compofed 
of equal fpherules, having all their centers in the 
fame plane. 


Demonstration. 

Upon a bafe of innumerable infinitely fmall circles, 
arranged in the clofeft manner pofiible, (according to 
Prob. I.) imagine right cylinders to be eredted, each 
cylinder having one of the little circles for its bafe, 
and its altitude equal to the diameter of its bafe. 

Thefe 


3 
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Thefe cylinders are in the clofeft arrangement pof- 
lible for equal cylinders; and the fpheres, which they 
circumfcribe, are in the clofeft arrangement poflible 
for equal fpheres, which have their centers in the 
fame plane. The folid fpace occupied by the cylin¬ 
ders, is to the folid fpace occupied by their inter- 
ftices, as the furface covered by their circular bafes, 
to the furface covered by the interftices of their bafes: 
That is, as 39 to 4, very nearly, by the firft Problem. 
But the fpheres contained within thefe cylinders are 
each but .‘of the containing cylinder. The folid con¬ 
tent therefore of all the fpheres is but .* of the folid 
content of all the cylinders; and the remaining third 
part of the folid content of the cylinders, together 
with the interftices between the cylinders, makes up 
the whole of the interftices between the fpheres. 
Therefore, the fpace occupied by the fpheres is to 
the fpace occupied by their interftices, as 39 — & to 
4 or as 26 to 17, very nearly. 

The fpheres being in the clofeft arrangement 
poflible, if each be a lolid atom, or without pore 
within its own dimenfions, then, the infinitely thin 
cruft, which thefe atoms compofe, is plainly the moft 
denfe that can be compofed of equal fpherules, having 
their centers in one plane. And the fpace occupied 
by its matter is to the fpace occupied by its pore, 
as 26 to 17, very nearly. 

Scholium. 

If the component fpherules, inftead of being folid, 
be fuppofed to be each of the denfity of gold, in which 
one half of the bulk may reafonably be fuppofed to 

be 
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be pore, then only £ of the fpace, which they occupy, 
is filled with matter, and the other half is to be added 
to the pore. Hence fpherules of the denfity of gold, 
arranged in the clofeft manner poffible, having their 
centers in one plane, compofe a cruft, in which, 
-b’ds, or fomewhat more than ^ths, of its bulk is 
matter. Therefore, the denfity of fuch a cruft is 
l'omewhat greater than 12 times that of water, fince 
.jiyth only of the bulk of water is fuppofed to be 
matter, and -|.®ths is pore. 

S. Horfley. 


*.The fir ft of thefe two Problems , enabled me to determine 
the greatefi poffible number of Jpherical particles of 
a given magnitude , that could find room to lie at 
one time upon the furface of the Sun ; and, by the 
fecond , I found the denfity of the cruft, which 
fuch particles , in the clofeft arrangement poffible , with 
a given denfity of each particle Jeparately , would 
aompofe . 
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